Here we study projective subschemes of P n with many automorphisms, pointing out some peculiarities of the positive characteristic case.
Introduction
We work over an algebraically closed field K. We first introduce 3 of our players. Fix P ∈ P n . Set G := Aut(P n ) and G(P ) := {f ∈ G : f (P ) = P }. For any integer m > 0 let (m, n)P denote the (m − 1)-th infinitesimal neighborhhod of P in P n , i.e. the closed subscheme of P n with I P m as its ideal sheaf. Hence ((m, n)P ) red = {P } and length((m, n)P ) = n+m −1 n . (m, n)P is called a fat point of P n with multiplicity m. Now assume p := char(K) > 0, and fix a p-power q and any P ∈ P n . Let [q, n]P denote the closed subscheme of P n whose ideal is generated by all L q , where L is a homogeneous degree 1 form
]P is defined by the vanishing of the q-powers of any n linearly independent linear forms vanishing at P . Fix homogeneous coordinates x 0 , . . . , x n such that P = (1; 0, . . . ; 0). We get that [q, n]P is defined by the monomial equations x i q = 0, 1 ≤ i ≤ q. Thus length([q, n]P ) = q n . We will say that [q, n]P is a p-fat point of P n with multiplicity q. Obviously, both mP and [q, n]P are G(P )-invariants. In section 2 we will prove the following result. Theorem 1. Fix P ∈ P n and a zerodimensional scheme Z ⊂ P n such that
Now we consider closed subschemes Z ⊂ P n such that dim(Z red ) > 0. Fix any closed subscheme Z ⊂ P n and any P ∈ P n . Set 
The proofs
Proof of Theorem 1. Fix homogeneous coordinates x 0 , . . . , x n such that P = (1; 0, . . . ; 0). Write (1, z 1 , . . . , z n ) the associated non-homogeneous polynomial. Take f as above for which the Taylor series at (0, . . . , 0) of f has non-zero minimal degree termf with minimal degree. For every λ ∈ K\{0} let h λ : P n → P n by defined by the formula h λ (x 0 ; x 1 ; . . . ; x n ) = (λx 0 ; x 1 ; · · · ; x n ). Since G(Z) = G(P ), we get that f (x 0 , λx 1 , . . . , λx n ) vanishes on Z. Hence f (λz 1 , . . . , λz n )|Z ≡ 0 for every λ ∈ K\{0}. Hencef |Z ≡ 0, i.e. in this affine chart Z is defined by homogeneous equations. Let u be the dominant monomial appearing inf with non-zero coefficient with respect to the lexicographic order of the variables z 1 , . . . , z n . Taking the linear transformation (x 0 ; x 1 ; . . . ; x n ) → (x 0 , μ 1 x 1 ; . . . ; μ n x n ) for suitable μ 1 , . . . , μ n , we get that every monomial appearing inf with non-zero coefficient vanishes on Z. Thus Z is defined by monomial equations. Since f (Z) = Z for every f ∈ G(P ), this is true for any choice of homogeneous coordinates such that P = (1; and W are (in a neighborhood of a general P ∈ T ) two allowable primary components of I Z,P .
